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1
Abstract
We present the solution of the problem of the 1/✷,✷ → 0, asymptotic
terms discovered in the one-loop form factors of the gravitational effective
action. Owing to certain constraints among their coefficients, which we es-
tablish, these terms cancel in the vacuum stress tensor and do not violate the
asymptotic flatness of the expectation value of the metric. They reappear,
however, in the Riemann tensor of this metric and stand for a new effect: a
radiation of gravitational waves induced by the vacuum stress. This coher-
ent radiation caused by the backreaction adds to the noncoherent radiation
caused by the pair creation in the case where the initial state provides the
vacuum stress tensor with a quadrupole moment.
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1 Introduction
We consider the expectation-value equations for the gravitational field in an
in-state 1. The model-independent, or phenomenological approach [4-7] makes it
possible to write down the general form of these equations in terms of the form factors
in the vacuum action. The form factors are to be calculated from a given dynamical
model. However, for obtaining predictions of various models, the expectation-value
equations should be first analysed with arbitrary form factors in order to relate the
properties of the form factors to the important properties of the solution [4].
This analysis has thus far been limited to the behaviour of the vacuum stress
tensor T µνvac at infinity [6,7]. It was shown [6] that the requirement of asymptotic
flatness of the solution imposes restrictions on the behaviours of the form factors
at small values of their arguments. Namely, these behaviours in one (each) of the
arguments with the others fixed should be w(0) log(−✷) + O(1),✷ → −0. The
coefficients w(0) of the log(−✷),✷ → −0 behaviours (the spectral weights at zero
spectral mass) determine the rate of the vacuum radiation through the future null
infinity (I+).
However, at each given order in the curvature, only certain combinations of the
form factors must behave in this way. The condition of finiteness of T µνvac at I
+ which
brought to the result above leaves some arbitrariness in the asymptotic behaviours
of the individual form factors in the basis decomposition of the action. It is this
arbitrariness that allows for the existence of the effect discussed in the present paper.
The present paper deals with the problem which appeared when the field-theoretic
form factors were calculated. It is worth noting that, as emphasized in [6], the loop
expansion of field theory has a domain of validity. It is near null infinity where the
1 The gravitational collapse problem was first considered in this setting in refs. [1-3].
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results of this expansion are valid and can be used to calculate the energy of the
vacuum radiation. The ultraviolet divergent terms which appear in the expectation-
value equations when T µνvac is expanded in loops are local and vanish at infinity;
only nonlocal terms survive, and these are unambiguous. Technically, the loop ex-
panded form factors are reliable in the limit of small ✷ arguments up to terms
O(✷0),✷→ −0.
The field-theoretic form factors have been calculated in the one-loop approxima-
tion for a generic quantum field model in refs. [8-15]. Their asymptotic behaviours
at ✷→ −0 up to terms O(✷0), which are of interest for the above-mentioned reason,
are presented in ref. [15], and these behaviours offer a problem. While the second-
order form factors behave as expected: they are w(0) log(−✷) + O(1) for ✷→ −0,
the third-order form factors contain also the asymptotic terms 1/✷,✷→ −0 which
apparently violate the asymptotic flatness of the solution [6,15].
Since the third-order form factors are functions of three ✷ arguments, their
behaviours in one of the arguments with the two others fixed cannot be predicted
on dimensional grounds. The 1/✷ asymptotic terms in the form factors appear as a
result of an explicit calculation of loops [12,15]. In the present paper we propose an
explanation of this result as well as of the following remarkable fact [12] which one
can establish by a direct inspection of the expressions in [15]. The inspection shows
that the alarming 1/✷ terms appear only in the curvature invariants containing
the gravitational field strength and act selectively only on the Ricci curvature. The
matter field strengths contained in the commutator and potential curvatures (see
[15]) remain unaffected by these terms. Thus the presence of the 1/✷ terms breaks
the democracy of massless vacuum particles; gravitons appear to be distinguished.
Since the same vacuum action describes also the transition amplitudes between
in- and out- states [8], the problem of the 1/✷ terms appears also in scattering theory
where these terms either signal an infrared divergence of the on-shell amplitudes
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with gravitons or, in the favourable case, stand for some inelastic process. In the
language of expectation values, the former case corresponds to a breakdown of the
asymptotic flatness. That the situation is not hopeless is seen from the fact that the
form factors are not quite the vertices; they are coefficients of the curvatures rather
than the field disturbances. As compared to the field disturbances, the curvatures
contain extra derivatives which, in the favourable case, may cancel the 1/✷ factors
in the on-shell amplitudes.
Below we present the solution of the problem as it appears in expectation-value
theory. As mentioned above, only certain combinations of the form factors should
behave like log(−✷),✷ → −0 to ensure finiteness of T µνvac at I
+. We show that the
1/✷ terms precisely cancel in these combinations leaving indeed the log(−✷) be-
haviour as the leading one. The cancellation occurs owing to certain constraints
among the coefficients of the 1/✷ terms which we establish by an analysis of the
asymptotic flatness and next check with the explicit expressions in [15]. The fulfil-
ment of these constraints is by itself a powerful check on the results in [15] apart
from the checks that have already been carried out in [12]. Thus we prove that the
1/✷,✷ → −0 terms discovered in [12,15] do not violate the asymptotic flatness of
the solution of the expectation-value equations. The proof is given for a generic
quantum field model for which the results in [15] are obtained and which is charac-
terized by a set of field strengths consisting of the Ricci, commutator, and potential
curvatures. Such a general proof is possible owing to the above-mentioned fact that
the 1/✷ operators in the asymptotic expressions for the form factors act only on the
Ricci curvature. Therefore, for the consideration of the leading asymptotic terms of
the equations at I+, one does not need to know the variational derivatives of the
commutator and potential curvatures with respect to the metric.
Next, we reveal the significance of the 1/✷,✷ → −0 terms in the vacuum form
factors. These terms vanish in the energy-momentum tensor but , as we show, they
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reappear in the Riemann tensor of the solution and determine its leading O(1/r)
behaviour at I+. The coefficient of this behaviour is known to give the energy of
the outgoing gravitational waves. Thus the 1/✷,✷→ −0 terms of the vacuum form
factors discovered in [12,15] stand for a new effect: a generation of the gravitational
waves from the vacuum. This is an effect of the backreaction of the vacuum stress
on the metric. All massless particles including gravitons [16] contribute to T µνvac
and are radiated through the future null infinity by the quantum mechanism of
pair creation. The energy of this component of radiation is determined by the
log(−✷),✷ → −0 terms of the vacuum form factors. On top of this, T µνvac as a
whole acts as a source of the gravitational field and causes a secondary radiation of
gravitons. This component of radiation has the shape of a classical wave but with
a quantum amplitude, and its energy is determined by the 1/✷,✷ → −0 terms of
the vacuum form factors.
An important difference between the two cases is that the gravitational-wave
component will be nonvanishing only if the initial state has a sufficient asymmetry
to provide the vacuum stress with a quadrupole moment whereas the contribution
of gravitons in T µνvac|I+ is present even in a spherically symmetric in-state because
the out-states in which these gravitons appear at I+ are squeezed vacuum states
rather than coherent states (see [17,18] and references therein).
The paper is organized as follows. In sec. 2 we briefly review the structure of
the expectation-value equations and present a new expression for the solution of the
Bianchi identities to second order in the curvature. This expression simplifies ob-
taining the news functions of the gravitational waves. Sec. 3 contains an analysis of
contributions to T µνvac at I
+. This analysis is not complete but sufficient for obtaining
the asymptotic flatness constraints and for calculating T µνvac|I+ to second order in the
curvature. We point out an important distinction of this calculation from the one
in two dimensions [3], and also make some first step in giving the expectation-value
6
equations a closed form. Sec. 4 contains the derivation of the asymptotic flatness
constraints and the proof that they are satisfied by the one-loop form factors. In sec.
5 we propose a new method for calculating the energy of the gravitational waves
and obtain the contribution of the third-order vacuum form factors to the news
functions. Sec. 6 completes the calculation of the vacuum news functions in the
lowest nonvanishing approximation. Appendix A contains reference equations per-
taining to the behaviour of the asymptotically flat metric at null infinity. Appendix
B summarizes the properties of the retarded Green function used in the text.
2 The expectation-value equations in an in-state
In the framework of quantum field theory one starts with the assumption that
there exists a quantum state such that the expectation value of the metric in this
state is an asymptotically flat gravitational field. Under this assumption one goes
to the past null infinity (I−) of the spacetime with the expectation value of the
metric and, for all massless fields, builds the Fock space of states (the in-states)
based on the standard in-vacuum [19]. The assumed state belongs to this space 2.
The choice of the state determines the initial data at I− for the field’s expectation
values and, generally, affects also the form of their dynamical equations since these
equations are nonlocal. There exists an action which produces the expectation-value
equations although the procedure by which it does so is not the least-action principle
(see below).
2After the choice of the state has been made, one checks the original assumption. Since the
causality relationship is set by the expectation value of the metric, this is a self-consistent problem
even in its original setting. That the consistency check is nontrivial is seen, for example, from
the fact that with the massive quantum fields one generally arrives at a contradiction with the
asymptotic flatness.
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It makes sense to choose the initial state in which the matter quanta form some
heavy classically behaved source of the gravitational field, and gravitons are in a
coherent state so that, for the mean metric, they form, generally, a classical incoming
gravitational wave. Here we consider the case where such a wave is absent. The
action for the expectation value of the metric in such a state can be taken as the
sum
S = Svac + Ssource (2.1)
where Ssource is the action of a source which moves along a classical trajectory in
the mean metric, and Svac is the action for the gravitational field in the in-vacuum
state.
The action Svac is to be calculated from a given quantum field model. Within
certain approximations (which are not completely unsatisfactory, see above) this
calculation is feasible and, in the one-loop approximation, it can be done for a
generic field model [8-15]. However, since the gravitational interaction is universal,
all particles existing in nature contribute to Svac, and, at higher loop orders, all
details of their interactions matter. Therefore, if Svac is to be ultimately calculated
from a model (of fields or strings or whatever), then this should be the Model and
the Calculation.
In the phenomenological approach of refs. [4-7], the action (2.1) is viewed as an
effective action (in the loose sense) for the observable field which should be a part
of predictions of any fundamental dynamical theory. Irrespectively of the nature
of this theory, one assumes the existence of a functional, the action Svac, which
describes the elastic properties of real vacuum i.e. its response to the introduction
of a gravitationally charged source. For Svac one writes down the most general
expansion in terms of nonlocal invariants of Nth order in the curvature. One has to
go explicitly to N = 3 because third order in the curvature in the action corresponds
to second order in the equations, and it has been shown that, at first order in the
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curvature, the flux of vacuum energy through I+ is pure quantum noise [7]. The
full bases of nonlocal invariants of second order and third order are built in [5] for a
set of field strengths consisting of the Ricci, commutator and potential curvatures:
ℜ =
{
Rµν , Rˆµν , Pˆ
}
(2.2)
( for the definitions see [15]). The explanation for the absence of the Riemann tensor
from the basis invariants can be found in [9,4,5] but it makes sense to repeat it here
since the respective equations will be of use below.
By differentiating and contracting the Bianchi identities, one obtains the equa-
tion
✷Rαβµν = 2∇[µ∇αRν]β − 2∇[µ∇βRν]α − 4Rα [µ.γ . σR
βγν]σ + 2R[µγR
αβγν] −
−RαβγσR
µνγσ (2.3)
which can be solved iteratively with respect to the Riemann tensor. In this equation
the Ricci tensor plays the role of a source, and the solution is fixed by the initial
data for the gravitational field at I−. The solution with zero data (no incoming
gravitational wave) corresponds to the in-vacuum state and is expressed in terms of
the retarded Green function (see appendix B):
Rαβµν =
1
✷
(
4∇[µ∇<αRν]β> +O[R2..]
)
. (2.4a)
Here and below, 1/✷ stands for the retarded Green function, and both types of
brackets [ ] and <> denote antisymmetrization of the respective indices. Since the
Riemann tensor is expressed in this way through the Ricci tensor, the nonlocal
invariants with the Riemann tensor in the vacuum action are redundant.
Below we shall confine ourselves to the case where the flux components of the
Ricci tensor at I− vanish 3. In this case the derivatives in (2.4a) can be made
3 For the expectation value of the metric this condition restricts the choice of the classical source
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external by commuting them with the Green function 1/✷. To second order in the
Ricci curvature the solution is then of the form
Rαβµν = ∇[µ∇<α
(
4
✷
) [
Rν]β> +
(
∇ν]
1
✷
Rγδ
)(
∇β>
1
✷
Rγδ
)
− (2.4b)
− 2
(
∇γ
1
✷
Rν]δ
)(
∇δ
1
✷
Rβ>γ
)]
+
{
8gγδ
( 1
✷
∇[αR<µγ]
)( 1
✷
∇[βRν>δ]
)
+
+ 8gγδ
( 1
✷
∇[µR<αγ]
)( 1
✷
∇[νRβ>δ]
)
− 2
( 1
✷
∇γR
<α[µ
)( 1
✷
∇γRβ>ν]
)
+
+ 4
( 1
✷
∇[µ∇γRν]<α
)( 1
✷
Rβ>γ
)
+ 4∇[µ
([ 1
✷
∇<αRβ>γ
][ 1
✷
Rν]γ
])}
+O[R3..]
(cf. the result in [5,12]). The advantage of making the derivatives external is in the
appearance of the terms in the curly brackets in (2.4b) which have no overall 1/✷
factor. These terms do not contribute to the leading asymptotic behaviour of the
Riemann tensor at I+. On the other hand, the terms which have the overall 1/✷
factor have also the overall derivatives. This facilitates solving the equation for the
news functions of the gravitational waves ( see sec. 5).
To third order in the curvature the vacuum action is of the form 4
Svac = S(1) + S(2) + S(3) +O[ℜ
4], (2.5)
S(1) =
1
16π
∫
dxg1/2R, (2.6)
S(2) =
1
2(4π)2
∫
dxg1/2tr
5∑
i=1
γi(−✷2)ℜ1ℜ2(i), (2.7)
which can be taken, e.g., as having a compact spatial support. Then, since the energy-momentum
tensor of the in-vacuum has no incoming fluxes at I−, the same will be true also of Rµν (see eq.
(2.18) below). In the general case, the flux components of Rµν at I− cancel in the combination
∇[µ∇<αRν]β> appearing in (2.4a) but the derivatives cannot be commuted with 1/✷ for otherwise
the action of the retarded Green function will become ill-defined.
4We follow the notation of ref. [15] but change the overall sign of the action as appropriate
for the lorentzian signature of the metric. We use the signature (− + ++) and the conventions
Rµανβ = ∂νΓ
µ
αβ − ..., Rαβ = R
µ
αµβ , R = g
αβRαβ .
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S(3) =
1
2(4π)2
∫
dxg1/2tr
29∑
i=1
Γi(−✷1,−✷2,−✷3)ℜ1ℜ2ℜ3(i), (2.8)
✷ = gµν∇µ∇ν (2.9)
where ℜ1ℜ2(i) with i = 1 to 5, and ℜ1ℜ2ℜ3(i) with i = 1 to 29 are the quadratic
and cubic basis invariants listed in [15]. This list is reduced in comparison to the full
list in [5] because, in the trace of the heat kernel and hence in the one-loop vacuum
action, the invariants linear in the commutator curvature all but one prove to be
absent [12,13]. The only one that is present is number 13 in the list of ref. [15] which
we use here. In low-dimensional manifolds there exist hidden constraints between
nonlocal invariants, reducing the basis. In four dimensions, the second-order basis is
unconstrained, and the only constraint which exists among the third-order invariants
boils down to the condition that the completely symmetric part of the form factor
Γ28 vanishes identically [5,12]. In the field-theoretic form factors of refs. [12,15] this
condition is explicitly implemented.
The commutator and potential curvatures are functions of the metric and matter
fields, different in different models, but in any case their contribution to the purely
gravitational sector of the action boils down to a modification of the form factors of
the basis invariants with the Ricci tensor only. There are only two such in S(2) and
ten in S(3). Below, when referring to the purely gravitational form factors, we shall
assume that this reduction has already been made. The full set of invariants for
gravity and matter is considered here because it is important that the maintenance
of asymptotic flatness be proved for the one-loop action in full generality. Apart
from this, our main concern in the discussion below is the vacuum action for the
metric.
The functions γi and Γi in (2.7) and (2.8) are the second-order and third-order
form factors. The principal assumption about these and higher-order form factors
made in the axiomatic approach is their analyticity which allows one to put them in
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the spectral forms [4]. For example, the spectral form used in [6] for the lowest-order
form factors is
γ(−✷) = (✷+µ2)n
∞∫
0
dm2
m2 −✷
w(m2)
(m2 + µ2)n
+
n−1∑
k=0
(−1)k
k!
(✷+µ2)k
(
∂
∂µ2
)k
γ(µ2) (2.10)
where w(m2) is the spectral weight
w(m2) =
1
2πi
[
γ(−m2 − i0)− γ(−m2 + i0)
]
, (2.11)
µ2 > 0 is an arbitrary parameter on which γ(−✷) does not depend, and n is the
degree of growth of γ(−✷) at large ✷ which will presumably be fixed or bounded by
the requirement of regularity of the solution (see [1-3]). The requirement of asymp-
totic flatness of the solution imposes restrictions only on the small-✷ behaviours of
the form factors [6,7]. In the small-✷ limit, eq. (2.10) reduces to the simple spectral
form since the terms modifying this form for n > 0 vanish in this limit [6]. On the
other hand, this form should be generalized to allow for the behaviour 1/✷, |✷| → 0
of γ(−✷). It remained unnoticed in paper [6] that the derivation in this paper for
the two purely gravitational second-order form factors brings in fact to the following
general result:
γ1(−✷) = −
2a
✷
− w1(0) log(−✷) +O(1), −✷→ 0 (2.12)
γ2(−✷) =
a
✷
− w2(0) log(−✷) +O(1), −✷→ 0 (2.13)
in which there appears an arbitrary constant a 5. Only the combination
γ1(−✷) + 2γ2(−✷) = −
(
w1(0) + 2w2(0)
)
log(−✷) +O(1), −✷→ 0 (2.14)
5Eq. (39) of ref. [6] admits one more solution: ✷
[
γ1(−✷) + 3γ2(−✷)
]
→ a,−✷→ 0 which had
been overlooked.
12
should behave like log(−✷) by the analysis in [6]. As will be seen below, a similar
situation takes place for the higher-order form factors.
In the form factors γi calculated from field theory, a = 0 [9,15] since, by dimen-
sion, the terms 1/✷ cannot appear in the loop expansion of the second-order form
factors. They appear, however, already in the third-order form factors Γi [15]. For
the generalized spectral forms of these form factors see [10,12].
With the form factors in the spectral forms, the only nonlocal structure that
remains in Svac is the inverse operator 1/(m
2 − ✷). This simplifies the procedure
of obtaining the expectation-value equations. When the action Svac is varied, the
inverse operators are regarded as obeying the variational rule
δ
1
m2 − ✷
=
1
m2 − ✷
δ✷
1
m2 − ✷
, (2.15)
and, after the variation has been completed, all inverse operators are replaced by
the retarded Green functions 6. If
δSvac
δgµν(x)
∣∣∣∣∣
✷→✷ret
(2.16)
is to denote the result of this procedure, and a further notation is introduced to
separate the classical term of Svac :
T µνvac ≡
2
g1/2
δSvac
δgµν
∣∣∣∣∣
✷→✷ret
−
2
g1/2
δS(1)
δgµν
, (2.17)
then the expectation-value equations corresponding to the action (2.1) are of the
form
Rµν −
1
2
gµνR = 8π
(
T µνvac + T
µν
source
)
(2.18)
where
T µνsource =
2
g1/2
δSsource
δgµν
, (2.19)
6For the derivation of this procedure in QFT see [8] and references therein. In the phenomeno-
logical approach this set of rules is taken for granted [4].
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and T µνvac in (2.17) can be interpreted as the energy-momentum tensor of the in-
vacuum. These equations are to be solved with zero initial data for the gravitational
field at I−. One arrives at a Cauchy problem [2,3] for nonlocal equations with the
retarded kernels which are to be integrated from I− to the future until the solution
hits a singularity if there remains one. One hopes that it doesn’t.
We do not consider the more general initial data, with a gravitational wave at I−,
because in this case the action should also be calculated more generally. Specifically,
the solution of eq. (2.3) can no more be taken in the form (2.4).
3 The structure of T µνvac at I
+
It is natural to begin the study of the expectation-value equations with the
behaviour of T µνvac at null infinity since the nonlocal terms of the equations should
be responsible for the effect of the vacuum radiation.
At the future null infinity one has the Bondi-Sachs equation [20,21] (see also
appendix A) which is an exact consequence of the expectation-value equations :
−
dM(u)
du
=
1
4π
∫
d2S


(
∂
∂u
C1
)2
+
(
∂
∂u
C2
)2+ ∫ d2S(1
4
r2T µνsource∇µv∇νv +
+
1
4
r2T µνvac∇µv∇νv
)∣∣∣∣
I+
, (3.1)
(∇u)2 = 0, (∇u,∇r)
∣∣∣
I+
= −1 , (3.2)
(∇v)2 = 0, (∇u,∇v)
∣∣∣
I+
= −2 . (3.3)
Here u is the retarded time along I+ with the natural normalization in (3.2), the
integrals are over the 2-sphere S (normalized to have the area 4π) at which the
null congruence u =const. crosses I+, r is the luminosity distance along the rays of
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this congruence, M(u) is the Bondi mass, and ∂C1/∂u, ∂C2/∂u are the Bondi-Sachs
news functions of the gravitational waves.
Eq. (3.1) is the conservation law missing in the theory of quantum fields on a
fixed gravitational background. In the collapse problem, this is the backreaction
equation relating ”the changing mass of the black hole” with the energy of the
quanta radiated by this black hole. In full quantum theory, both the ”black hole”
and the quantum fields ”on its background” evolve from one and the same initial
state, and one is able to answer the question where does the black-hole radiation
take its energy from. It takes it ultimately from the energy of the collapsing source
T µνsource which equals the ADM mass of the expectation value of the metric and serves
as an initial datum M(−∞) for eq. (3.1).
The last term of eq. (3.1) is the flux of the vacuum energy through I+. For it
to be finite, the flux component of T µνvac should decrease at I
+ like 1/r2. This is a
necessary condition of asymptotic flatness. Below, terms O(1/r3) in T µνvac will be
referred to as vanishing at I+.
When computing T µνvac(x) at I
+ from the action (2.5), all terms in which the
Ricci curvature appears at the observation point x can be discarded because Rµν
decreases at least like 1/r2 and will always be multiplied by a decreasing function.
Thus, the covariant derivatives ∇ which appear in the basis invariants ℜℜℜ(i), etc.
need not be varied because the contributions of their variations to T µνvac contain the
curvature at the observation point. For the same reason, in the expression
δRγν =
1
2
gγµ
(
∇µ∇
αδgνα +∇ν∇
αδgµα −∇µ∇νg
αβδgαβ − ✷δgµν +
+ 2R αβµ. . νδgαβ
)
+
1
2
Rγαδgνα −
1
2
gγαRβν δgαβ , (3.4)
the terms with the Ricci tensor can be discarded but the term with the Riemann
tensor cannot since the Riemann tensor has components decreasing like 1/r. In (3.4),
the expression for δRγν has been brought by commutations to the form used below.
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Only the variations of the Ricci tensors and the variations of the form factors
in Svac can give nonvanishing contributions to T
µν
vac at I
+. It is easy to see that the
variation of a form factor
Γ(−✷1,−✷2, ...,−✷N ) (3.5)
in the argument ✷p can contribute at I
+ only if, in this argument, the form factor
behaves like 1/✷p,✷p → −0. Thus, assuming a = 0 in eqs. (2.12), (2.13), as is the
case in the field theoretic form factors, one can calculate the variations of γi(−✷)
in the action (2.7) by using the spectral form (2.10) in which, moreover, the terms
appearing at n > 0 can be disregarded when the observation point tends to I+. One
finds
∫
dxg1/2ℜ1δγ(−✷)ℜ2 =
∫
dxg1/2
∞∫
0
dm2w(m2)
( 1
m2 − ✷
ℜ1
)
δ✷
( 1
m2 − ✷
ℜ2
)
.
(3.6)
Since, by the result in [6],
( 1
(m2 − ✷ret)
ℜ(x)
)∣∣∣∣
x→I+
∝ r−1(x) exp
(
−|const.|m
√
r(x)
)
(1 +O), (3.7)
O → 0, r(x)→∞, x→ I+,
and
w(0) = finite, (3.8)
one concludes that the contribution of δγ(−✷) to T µνvac at I
+ is O(1/r3). This result
applies to all form factor of the form (3.5) provided that their behaviours in indi-
vidual arguments are O(log(−✷)),✷→ −0. On the other hand, with the behaviour
Γ(−✷1,−✷2,−✷3, ...) =
1
✷1
F (✷2,✷3, ...)(1 +O), O → 0,✷1 → −0 (3.9)
the variation of ✷1 in the term∫
dxg1/2Γ(−✷1,−✷2,−✷3, ...)ℜ1ℜ2ℜ3 ... (3.10)
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of the action is asymptotically of the form
−
∫
dxg1/2
( 1
✷
ℜ1
)
δ✷
1
✷
(
F (✷2,✷3, ...)ℜ2ℜ3 . . .
)
(3.11)
and gives a nonvanishing contribution to T µνvac at I
+ proportional to 1/r2.
The fact that, in four dimensions, the variations of the second-order form factors
do not contribute to the energy flux at infinity makes an important distinction of
this case from the case in two dimensions where γ(−✷) ∝ 1/✷ and the relevant
contribution comes from δγ(−✷) [3]. The variations of the third-order form factors
Γi in (2.8) can already contribute to T
µν
vac at I
+ owing to the 1/✷,✷ → −0 terms
discovered in [15] but, to second order in the curvature (in the equations), only the
Ricci tensors in the action S(3) need to be varied.
For all terms of the vacuum action, in which the form factors are of the form
(3.5)7, it is useful to introduce a quantity, the generalized current, defined by varying
the action with respect to the Ricci tensor only. The sum of such terms in Svac can
be represented in the form
S˜vac =
1
2(4π)2
∑
N
∑
i
Si(N) , (3.12)
Si(N) =
∫
dxg1/2P1(∇1). . .PN (∇N)Γ(−✷1, ...,−✷N )R
·
·(x1). . .R
·
·(xN) (3.13)
where (3.13) is a contribution of the Nth order basis invariant number ” i ”, and
the sum in (3.12) extends over both i and N. In (3.13),R·· are the Ricci tensors
with mixed indices, and the polynomials in covariant derivatives Pn(∇n) which are
generally present in the tensor basis [15,5] act on the respective R··(xn) after the
action of the operator arguments ✷n of Γ. In this representation all operators ✷n in
Γ are uniformly defined as applied to a mixed second-rank tensor, and the advantage
7 We do not consider here the more general form factors Γ(−✷1, ...,−✷N ,−✷1+2,−✷1+3, ...)
in which the operator arguments ✷n+m act on products of two curvatures since such form factors
appear in Svac only beginning with N = 4 [4,5].
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of taking it mixed is in the absence of gµν factors contracting indices in (3.13)
which otherwise would need to be varied. These factors are generally present in the
polynomials P (∇) but, in any case, their variations ( as well as the variation of g1/2
in the measure) do not contribute to T µνvac at I
+. The order of operations in (3.13) is
different from the one in (2.8) (cf. the explicit expressions in [15]) but, at every order
in the curvature, the action can be brought to the form (3.13) by commutations.
Since the argument ✷n of Γ is the first operator acting on R
·
·(xn) in (3.13), it
will be the last in the variational derivative of (3.13) with respect to R··(xn). The
generalized current Iµν (ξ, x) is then defined by the relation
δRS˜vac =
1
2(4π)2
∫
dxg1/2Iµν (−
↓
✷, x)δRνµ(x)=
1
2(4π)2
∫
dxg1/2Iµν (−
↓
✷ , x )δRνµ(x)
(3.14)
where the notation δR points out that only the Ricci tensors in (3.13) are varied, and
the argument ✷ of Iµν (−✷, x) is the argument of the form factor Γ in (3.13) that acts
on the varied Ricci tensor. The Iµν (ξ, x) is a tensor function of the spacetime point
x and a function of a parameter ξ which in eq. (3.14) gets replaced by the operator
−✷. This operator next acts in either of the two ways pointed out in (3.14).
Given the action of the form (3.12), it is easy to calculate Iµν (ξ, x) to each given
order in the curvature. For the action (2.5) we have
Iαβ (ξ, x) = I
α
2β(ξ, x) + I
α
3β(ξ, x) +O[ℜ
3] (3.15)
where I α2β(ξ, x) and I
α
3β(ξ, x) are the contributions of S(2) and S(3) respectively, and
I α2β(ξ, x) = 2γ1(ξ)R
α
β(x) + 2γ2(ξ)δ
α
βR(x) , (3.16)
I α3β(ξ, x) = 3
[
δµνΓ10(ξ,−✷1,−✷2)R
α
µ(x1)R
ν
β(x2)
]
x1=x2=x
+
+
[
∇ α1 ∇2βΓ22(ξ,−✷1,−✷2)R(x1)R(x2)
]
x1=x2=x
−
− 2δαβ∇µ
[
∇ ν2 Γ22(−✷1,−✷2, ξ)R
µ
ν(x1)R(x2)
]
x1=x2=x
+ . . .
(3.17)
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where only the purely gravitational terms are written down. We do not present the
latter expression in full but exemplify it with the contributions of two third-order
invariants, number 10 and number 22 (see [15]). Eq. (3.17) illustrates the general
structure of the current Iµν (ξ, x).
A remarkable property of Iµν (ξ, x) is that the variations of both the Ricci tensors
and the form factors in (3.12) are expressed entirely through this quantity. Indeed,
in addition to (3.14), we have
δΓS˜vac =
1
2(4π)2
∫
dxg1/2δ✷′
1
✷′ − ✷′′
[
Iνµ(−✷
′, x′′)− Iνµ(−✷
′′, x′′)
]
Rµν (x
′) (3.18)
where the notation δΓ points out that only the form factors Γ in (3.13) are varied,
and we have used the general formula for a variation of an operator function [12,14]:
∫
dxg1/2A (δf(✷))B =
∫
dxg1/2δ✷B
f(✷A)− f(✷B)
✷A − ✷B
AB . (3.19)
It is understood that ✷A (or ✷B) is the operator ✷ acting on A (or B), and similarly
in (3.18) ✷′ acts on x′, and ✷′′ on x′′ with subsequently setting x′ = x′′ = x. The
operators δ✷B and ✷B, and similarly δ✷
′ and ✷′ in (3.18), do not commute and act
in the indicated order. The identity
∫
dxg1/2(δ✷′′ − δ✷′)F (x′, x′′) =
∫
dxg1/2(−δ log g1/2)(✷′′ −✷′)F (x′, x′′) (3.20)
(with an arbitrary two-point tensor F (x′, x′′) contracting into a scalar at x′ = x′′)
serves to check that varying the left-hand side of the equality
∫
dxg1/2f(✷B)AB =
∫
dxg1/2f(✷A)AB (3.21)
with the aid of eq. (3.19) gives the same result as varying its right-hand side.
Although the generalized current Iµν (ξ, x), as calculated from the action (2.5),
is given in the form of an expansion, it enters the expectation-value equations as a
single whole and determines the vacuum stress at null infinity. Indeed, since (3.14)
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and (3.18) are the only contributions surviving in (2.16) when the observation point
tends to I+, T µνvac at I
+ is obtained in a closed form. As seen from (3.16), (3.17),
the behaviour of Iµν (ξ, x) in ξ includes all the behaviours of the form factors in
individual arguments. The Iµν (ξ, x) may, therefore, be of a significance in axiomatic
theory. For this current as a function of its parameter argument one must postulate
the existence of a spectral form similar to (2.10) but allowing for the spectral weight
to have a δ(m2) singularity at m2 = 0. Assuming for simplicity n = 0 in (2.10) (the
modification concerning the large ✷ is irrelevant to the present discussion) we set
Iµν (ξ, x) =
∞∫
−ǫ
dm2
m2 + ξ
wµν (m
2, x) , (3.22)
and then eqs. (3.14) and (3.18) take the form
δRS˜vac =
1
2(4π)2
∫
dxg1/2
∞∫
−ǫ
dm2δRνµ(x)
[ 1
m2 − ✷
wµν (m
2, x)
]
, (3.23)
δΓS˜vac =
1
2(4π)2
∫
dxg1/2
∞∫
−ǫ
dm2
[
δ✷
1
m2 − ✷
Rνµ(x)
][ 1
m2 −✷
wµν (m
2, x)
]
. (3.24)
Along with expression (3.4) and an easily derivable expression for δ✷ in (3.24) they
determine T µνvac at I
+.
4 The asymptotic flatness constraints
Even with the 1/ξ, ξ → 0 behaviour of Iµν (ξ, x), the contribution to T
µν
vac coming
from (3.24) is O(1/r2) at I+. Also the contributions coming from the term with the
Riemann tensor and the term with the ✷ operator in (3.4) are O(1/r2). We have,
therefore, from (3.14) and (3.4)
T µνvac(x) =
1
2(4π)2
(
∇µ∇αI
αν(−
↓
✷ret, x ) +∇
ν∇αI
αµ(−
↓
✷ret, x )− (4.1)
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− gµν∇β∇αI
αβ(−
↓
✷ret, x )
)
+ O(r−2(x)), x→ I+
Iαβ(ξ, x) = g(αγ(x)Iβ)γ (ξ, x) . (4.2)
The terms of order r−2(x) in (4.1) are the ones to be retained but it is not our
purpose here to calculate T µνvac
8. The point is that the remaining terms in (4.1)
should also behave like O(r−2(x)) for the asymptotic flatness to be maintained.
This behaviour should , moreover, hold at every order in the curvature because even
small disturbances of the metric can violate the asymptotic flatness. This does not
mean, however, that the function
Iαµ(−
↓
✷ret, x ) (4.3)
should behave like O(r−2(x)); it suffices that
∇αI
αµ(−
↓
✷ret, x ) = O(r
−2(x)) , x→ I+. (4.4)
Owing to this fact, the 1/ξ, ξ → 0 behaviour of Iαµ(ξ, x) is not completely ruled out
but condition (4.4) imposes a constraint on the coefficient of this behaviour.
For implementing this constraint the derivative ∇α in (4.4) should be commuted
with the operator ✷ret :
∇αI
αµ(−
↓
✷ret, x ) =
∞∫
−ǫ
dm2
( 1
m2 − ✷ret
∇αw
αµ(m2, x) + (4.5)
+
1
m2 − ✷ret
[∇α,✷]
1
m2 − ✷ret
wαµ(m2, x)
)
.
Here all operators act to the right on x, and
wµν(m2, x) = g(µγ(x) wν)γ (m
2, x) . (4.6)
8 For this calculation to lowest order in the curvature see [6,7]. The cancellation of the 1/✷
terms being established in the present paper, this calculation can now be done to second order in
the curvature on the basis of the results in [15].
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Both terms in (4.5) are generally O(r−1(x)) but the commutator term contains an
extra power of the curvature. If we denote
wµ(m2, x) ≡ ∇αw
αµ(m2, x) + [∇α,✷]
1
m2 − ✷ret
wαµ(m2, x) (4.7)
and
Iµ(ξ, x) ≡
∞∫
0
dm2
m2 + ξ
wµ(m2, x) , (4.8)
so that
∇αI
αµ(−
↓
✷ret, x ) = I
µ(−
↓
✷ret, x ) , (4.9)
then, by (4.4) and the result in [6], the behaviour of the function (4.8) should already
be
Iµ(ξ, x) = − wµ(0, x) log ξ +O(1) , ξ → 0 (4.10)
wµ(0, x) = finite. (4.11)
The vector current (4.8) is obtained from (3.15) as an expansion:
Iµ(ξ, x) = Iµ2 (ξ, x) + I
µ
3 (ξ, x) +O[ℜ
3] (4.12)
where Iµ2 and I
µ
3 are the contributions of the actions S(2) and S(3). For the contri-
bution of the action S(2) one finds by using eq. (3.16):
Iµ2 (−
↓
✷ret, x ) =
(
γ1(−✷ret) + 2γ2(−✷ret)
)
∇µR + 2 [∇α, γ1(−✷ret)]R
αµ + (4.13)
+ 2 [∇µ, γ2(−✷ret)]R ,
and
Iµ2 (ξ, x) =
(
γ1(ξ) + 2γ2(ξ)
)
∇µR(x) +O[ℜ2] (4.14)
whence the constraint (2.14) for the second-order form factors immediately follows.
Should the constant a in (2.12),(2.13) be nonvanishing, the commutator terms in
22
(4.13) would contribute to the constraint condition for the third-order form factors.
Since, however, a = 0 as discussed above, these commutator terms are O(1/r2) as
seen from their spectral forms.
The constraint condition for the third-order form factors is thus of the form
Iµ3 (−
↓
✷ret, x ) +O[ℜ
3] = O
(
r−2(x)
)
, x→ I+ (4.15)
and
Iµ3 (ξ, x) = ∇αI
αµ
3 (ξ, x) +O[ℜ
3] (4.16)
since, in this case, the commutator of ∇α with ξ = −✷ contributes to O[ℜ
3] already.
On the other hand, with the field-theoretic form factors [15] one obtains
Iαµ3 (ξ, x) =
1
ξ
Aαµ(x) + (log ξ)Bαµ(x) +O(ξ0) , (4.17)
Iµ3 (ξ, x) =
1
ξ
Aµ(x) +O(log ξ) , ξ → 0 , (4.18)
Aµ(x) = ∇αA
αµ(x) +O[ℜ3] (4.19)
where the coefficients Aµ(x), etc. can be expanded in some vector basis second-order
in the curvature:
Aµ(x) = tr
∑
p
Ap(✷1,✷2)ℜ1ℜ2
µ(p) + O[ℜ3] . (4.20)
Examples of the basis structures in (4.20) are
ℜ1ℜ2
µ(1) = ∇µR1 · R21ˆ , (4.21)
ℜ1ℜ2
µ(2) = ∇µRαβ1 · ∇α∇βR21ˆ , (4.22)
ℜ1ℜ2
µ(3) = Rˆαβ1 ∇
µRˆ2αβ , (4.23)
ℜ1ℜ2
µ(4) = Rµα1 ∇αPˆ2 , (4.24)
etc. where all curvatures of the set (2.2) participate, and the trace in (4.20) refers
to the matrices 1ˆ, Pˆ , etc. (cf. a similar construction of the basis of invariants in
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[15]). We do not present the basis in (4.20) in full although it is important to have
it in full for obtaining the results below. In order that (4.15) hold for any choice of
the in-state 9, there should be
Aµ(x) +O[ℜ3] = 0 (4.25)
and hence
Ap(✷1,✷2) = 0 . (4.26)
Eqs. (4.26) are the constraints to be satisfied by the coefficients of the 1/✷
asymptotic behaviours of the third-order form factors. Let us introduce a notation
for these coefficients:
Γi(−✷1,−✷2,−✷3) =
1
✷1
F 1i (✷2,✷3) +O(log(−✷1)) ,✷1 → −0 (4.27)
Γi(−✷1,−✷2,−✷3) =
1
✷2
F 2i (✷3,✷1) +O(log(−✷2)) ,✷2 → −0 (4.28)
Γi(−✷1,−✷2,−✷3) =
1
✷3
F 3i (✷1,✷2) +O(log(−✷3)) ,✷3 → −0 (4.29)
where there appear functions of two variables Fmi with m = 1 to 3 and i = 1 to 29.
The functions Ap in (4.20) are certain linear combinations of the F
m
i . By an explicit
calculation with the action S(3) in (2.8) and [15] one can work up these combinations
to see if they vanish. The commutator and potential curvatures appear in the basis
in (4.20) but the contributions of δRˆµν and δPˆ to (3.14) may, in this calculation,
be omitted since all Fmi with ✷m acting on Rˆµν or Pˆ vanish [12,15]. This makes
it possible to carry out the check of asymptotic flatness for a generic quantum field
model.
9 With the specifications made in sec. 2, this choice boils down to the choice of T µνsource in eq.
(2.18). Variations in T µνsource induce variations in the curvature of the solution. Eq. (4.15) should,
therefore, hold for any configuration of the curvature. It is also important for inferring (4.25) that,
by the construction of the curvature basis in the action [5], Iαµ3 (ξ, x) can have no total derivative
terms of the form ✷Xαµ(ξ, x) or ∇(αXµ)(ξ, x). Hence Aαµ(x) can have no such terms.
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The results are as follows. Of 3×29 functions Fmi only 21 in the table of ref. [15]
do not vanish and are not related to each other by the symmetries of the form factors.
With the 21 nonvanishing Fmi the expansion (4.20) gives rise to 14 constraints (4.26)
which, by linearly combining them, can be brought to the following form:
F 325(✷1,✷2) =
1
2
(✷1 −✷2)F
3
28(✷1,✷2) , (4.30)
F 110(✷1,✷2) = −
1
12
(✷2 − ✷1)
2F 328(✷1,✷2) , (4.31)
F 128(✷1,✷2) = 2F
3
27(✷1,✷2) +
3
2
(✷2 − ✷1)F
1
29(✷1,✷2) , (4.32)
F 324(✷1,✷2) =
1
2
F 125(✷1,✷2)−
1
4
(✷1 − ✷2)F
1
28(✷2,✷1) , (4.33)
F 322(✷1,✷2) = −
1
2
F 324(✷1,✷2) +
1
8
(✷1 +✷2)F
1
28(✷1,✷2) , (4.34)
F 111(✷1,✷2) = −
1
4
(✷2 − ✷1)F
1
23(✷1,✷2) , (4.35)
F 123(✷1,✷2) = −2F
3
22(✷1,✷2) + (✷1 −✷2)F
1
27(✷1,✷2) + (4.36)
+
1
4
(✷1 +✷2)F
1
28(✷2,✷1) +
3
4
(✷2 −✷1)✷1F
1
29(✷1,✷2) ,
F 19 (✷1,✷2) =
1
32
(✷1 +✷2)(✷1 − ✷2)
2F 129(✷1,✷2)− (4.37)
−
1
24
(✷21 +✷
2
2)F
3
27(✷1,✷2) ,
F 122(✷1,✷2) = −
1
4
F 125(✷1,✷2) +
3
8
(✷1 − ✷2)
2F 129(✷1,✷2) , (4.38)
F 15 (✷1,✷2) =
1
4
(✷1 −✷2)
2F 126(✷1,✷2) , (4.39)
F 116(✷1,✷2) = (✷1 −✷2)F
1
26(✷1,✷2) , (4.40)
F 18 (✷1,✷2) =
1
4
(✷1 +✷2)F
1
21(✷1,✷2) , (4.41)
F 118(✷1,✷2) =
1
2
F 121(✷1,✷2) , (4.42)
F 119(✷1,✷2) = −
1
4
F 121(✷1,✷2) . (4.43)
It is now a matter of a direct inspection to check if the Fmi calculated in [15] satisfy
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these constraints. They do!
Relations (4.30) - (4.43) leave only 7 independent nonvanishing Fmi for which
one can take the functions F 121, F
1
25, F
1
26, F
1
27, F
3
27, F
3
28, F
1
29. With the exception of F
1
26
and F 127, these functions are symmetric in their ✷ arguments: F
1
25, F
3
27 and F
3
28 are
symmetric owing to the respective symmetries of the form factors Γ25,Γ27 and Γ28,
and the symmetry of F 121, F
1
29 is a property of the explicit expressions in [15].
By expressing all Fmi through the 7 independent ones, one can bring the coeffi-
cient Aαµ(x) in (4.17) to the form
Aµν(x) = −∇α∇βK
[µα][νβ](x) +O[ℜ3] (4.44)
in which the fulfilment of condition (4.25) is manifest, and the function Kµανβ(x)
which appears antisymmetrized in (4.44) is of the following form:
Kµανβ(x) = 3trF 129(✷1,✷2)
{
4∇µ∇νRγσ1 · ∇γ∇σR
αβ
2 + 2(✷2 −✷1)
[
∇(µR1 · ∇
ν)Rαβ2
]
−
− ✷2(✷2 −✷1)g
µν
[
Rαβ1 · R2
]}
1ˆ + trF 328(✷1,✷2)
{
4∇µRαγ1 · ∇
νR β2γ
}
1ˆ +
+ trF 127(✷1,✷2)
{
8∇µ∇νRαβ1 · R2
}
1ˆ + 8 trF 126(✷1,✷2)
{
∇µ∇νRαβ1 · Pˆ2
}
+
+ trF 125(✷1,✷2)
{
4Rµβ1 · R
να
2 + 2g
µνRαβ1 · R2
}
1ˆ +
+
1
2
trF 121(✷1,✷2)
{
Rˆµα1 · Rˆ
νβ
2
}
+ trF 327(✷1,✷2)
{
8∇(µR
ν)γ
1 · ∇γR
αβ
2 +
+ 4 gµν∇γR
σα
1 · ∇σR
γβ
2 + 4∇
(µR1 · ∇
ν)Rαβ2 + (4.45)
+ 2(✷1 −✷2)g
µν
[
R1 · R
αβ
2
]
+ gµν∇α∇βR1 · R2
}
1ˆ .
The one-loop expressions for the functions F entering (4.45) are given in [15] but
one may conjecture that the 7 independent structures in (4.45) and (4.44) (5 in the
case of pure gravity) is the general result independent of models and approximations
(although this remains to be checked by repeating the analysis above for the general
form of the action). As will be seen below, expression (4.45) gets considerably
simplified when inserted in the formula for the news functions.
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5 The news functions. Contribution of the
third-order form factors
A significance of the 1/✷ asymptotic terms in the vacuum form factors is that
they contribute to the energy of the outgoing gravitational waves. This energy is the
term with the news functions ∂C1/∂u, ∂C2/∂u in the Bondi-Sachs equation (3.1).
Obtaining the news functions requires solving the dynamical equations already.
However, there is a short cut : eq. (2.4). We may use the fact that the news
functions appear as a coefficient of the 1/r behaviour of the Riemann tensor at null
infinity. Indeed, we have (see appendix A)
∇αv∇µv mβmνR
αβµν
∣∣∣∣
I+
= −
8
r
∂2
∂u2
C+O
(
1
r2
)
(5.1)
where
C = C1 + iC2 , (5.2)
and mβ is a complex null vector tangent to the 2-sphere S:
(m,∇u) = (m,∇v) = (m,m) = 0, (m,m∗) = −2 (5.3)
with ∇u,∇v and S in (3.1)-(3.3), and m∗ complex conjugate to m. The contribution
of the outgoing gravitational waves to the mass loss, eq. (3.1), is then
1
4π
∫
d2S
∣∣∣∣∣ ∂∂u C
∣∣∣∣∣
2
, (5.4)
and
−
∂2
∂u2
C =
{
r
8
∇αv∇µv mβmνR
αβµν
} ∣∣∣∣∣
I+
. (5.5)
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On the other hand, the Riemann tensor can be calculated with the aid of eq.
(2.4). Its 1/r behaviour is then obtained as the leading asymptotic behaviour of the
retarded Green function. Using (2.4b) we have
−
∂2
∂u2
C =
{
r
2
∇αv∇µv mβmν∇
[µ∇<α
1
✷
(
Rν]β> +O[R2..]
)} ∣∣∣∣
I+
(5.6)
where the quadratic terms are to be copied from (2.4b), and the quadratic terms with
no overall 1/✷ factor - all terms in the curly brackets in (2.4b) - do not contribute.
Expression (5.6) can next be simplified as follows. The derivatives in (5.6) appear
projected either as ∇νv∇ν or as m
ν∇ν . In both cases the projected derivatives can
be commuted with the remaining factors of ∇v and m since the components of ∇∇v
and ∇m in the null tetrad basis are O(1/r) at I+. The projected derivatives become
then acting on some scalar X which behaves like 1/r at I+, and in this case
mν∇νX
∣∣∣∣
I+
= O
(
1
r2
)
, (5.7)
∇νv∇νX
∣∣∣∣
I+
= −2
∂
∂u
X +O
(
1
r2
)
(5.8)
(see appendix A). In this way one obtains
∂2
∂u2
C = −
∂
∂u
{
∂
∂u
r
2
mβmν
1
✷
(
Rνβ +O[R2..]
)} ∣∣∣∣∣
I+
. (5.9)
Eq. (5.9) can now be integrated over u from −∞ to a given point of I+ to obtain
the news functions. Since, at u = −∞, ∂C/∂u = 0, there remains to be shown that
the expression in the curly brackets in (5.9) also vanishes at u = −∞. This is shown
in appendix B. As a result one obtains
∂
∂u
C = −
∂
∂u
{ r
2
mβmν
1
✷
[
Rνβ + (∇ν
1
✷
Rγδ)(∇β
1
✷
Rγδ)− (5.10)
− 2(∇γ
1
✷
Rνδ)(∇δ
1
✷
Rβγ) +O[R3..]
]}∣∣∣∣∣
I+
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where for the Ricci tensor one can use the dynamical equations 10.
There is, of course, a classical gravitational radiation or, more generally, a ra-
diation induced by the classical source T µνsource in eq. (2.18). The respective contri-
bution11 to the news functions (call it ∂Csource/∂u) is obtained by substituting for
Rνβ its Einstein value
Rνβcl = 8π
(
T νβsource −
1
2
gνβTsource
)
(5.11)
in all terms of (5.10) including O[R3..]. The remaining contributions in (5.10) stand
for the gravitational radiation induced by the vacuum stress,
∂
∂u
C =
∂
∂u
Csource +
∂
∂u
Cvac . (5.12)
By (5.10) and the dynamical equations (2.18)12,
∂
∂u
Cvac = −
∂
∂u
{
4πr mβmν
1
✷
(
T νβvac + O[R
2
..]
)}∣∣∣∣
I+
(5.13)
and
T µνvac = T
µν
vac(2) + T
µν
vac(3) +O[R
3
..] (5.14)
where T µνvac(2) and T
µν
vac(3) are the contributions of the actions S(2) and S(3) in (2.5).
In (5.10) and (5.13) there appears an expression of the form
{
r mβmν
1
✷
Xνβ
}∣∣∣∣
I+
(5.15)
with some tensor Xµν , and we have used the fact that a contribution of this form
with
Xµν = gµνX (5.16)
10 This method can also be applied to the classical problems in the gravitational radiation.
11 Even this contribution is not purely classical since the metric to be used is the solution of the
expectation-value equations. The same concerns the flux of T µνsource at I
+ in eq. (3.1). It would be
interesting to consider a case where T µνsource does not induce the gravitational waves but T
µν
vac does.
12 Since, at I−, the flux components of T µνvac vanish, eq. (5.13) is valid even without the limitation
implied in (2.4b) (see sec. 2).
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vanishes by the orthogonality relation in (5.3). Another property of expression (5.13)
which will be used below is that a contribution of the form (5.15) with
Xµν = ∇µXν +∇νXµ (5.17)
is of a higher order in the curvature :
O[Xµ × R..] . (5.18)
Indeed, in this case,
mβmν
1
✷
Xνβ = 2mβmν∇
ν 1
✷
Xβ + 2mβmν
1
✷
(
[∇ν ,✷]
1
✷
Xβ
)
. (5.19)
By (5.7), the first term of this expression is O(1/r2), and the remaining term contains
a commutator.
To lowest order in the curvature, only the contribution of the action S(2) is to
be considered. By (3.4) and (3.14),
T µνvac(2) =
1
2(4π)2
(
∇µ∇αI
αν
2 +∇
ν∇αI
αµ
2 − g
µν∇β∇αI
αβ
2 − (5.20)
−✷Iµν2
)
+O[R2..]
where
Iµν2 = I
µν
2 (−
↓
✷ret, x ) , (5.21)
and the explicit form of I2(ξ, x) is given in (3.16). The first two terms in (5.20) are of
the form (5.17), and, therefore, their contribution to (5.13) is O[R2..]. The third term
in (5.20) is of the form (5.16), and, therefore, its contribution to (5.13) vanishes. In
the remaining term of (5.20),the ✷ operator kills the Green function:
∂
∂u
Cvac =
∂
∂u
{ r
8π
mβmνI
νβ
2 (−
↓
✷ret, x )
}∣∣∣∣
I+
+O[R2..] , (5.22)
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and this is the reason why at all the asymptotic behaviours of the form factors at
small ✷ are relevant to the gravitational waves. Since the second-order form factors
γ1, γ2 behave like log(−✷) at small ✷, we have
Iνβ2 (−
↓
✷ret, x ) = O
(
1
r2
)
, x→ I+ (5.23)
and the contribution (5.22) vanishes. Thus the vacuum contribution to the news
functions begins with second order in the curvature:
∂
∂u
Cvac = O[R
2
..] . (5.24)
At second order in the curvature both S(2) and S(3) contribute to Cvac. We
are presently interested in the contribution of S(3) which we shall denote Cvac(3).
Since the action S(3) is cubic in the curvature, the accuracy in (5.13) is sufficient
for calculating this contribution :
∂
∂u
Cvac(3) = −
∂
∂u
{
4πr mβmν
1
✷
(
T νβvac(3) +O[R
3
..]
)}∣∣∣∣
I+
. (5.25)
To second order in the curvature, T µνvac(3) is of the form similar to (5.20) :
T µνvac(3) =
1
2(4π)2
(
∇µ∇αI
αν
3 +∇
ν∇αI
αµ
3 − g
µν∇β∇αI
αβ
3 − (5.26)
−✷Iµν3
)
+O[R3..]
with
Iµν3 = I
µν
3 (−
↓
✷ret, x ) . (5.27)
Again, the first two terms in (5.26) are of the form (5.17), and their contribution
to (5.25) is O[R3..]. Again the third term is proportional to the metric, and its con-
tribution vanishes. Again the ✷ operator in the remaining term kills the Green
function:
∂
∂u
Cvac(3) =
∂
∂u
{ r
8π
mβmνI
νβ
3 (−
↓
✷ret, x )
}∣∣∣∣
I+
+ O[R3..] (5.28)
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but this time the contribution (5.28) does not vanish because the third-order form
factors behave like 1/✷ at small ✷. By (4.17),
Iνβ3 (−
↓
✷, x ) = −
( ↓1
✷
)
Aνβ(x) + log(−
↓
✷)Bνβ(x) + O
(
1
r3
)
, (5.29)
and only the term with 1/✷ survives in (5.28). With the expression for Aνβ(x) given
in (4.44) the result is
∂
∂u
Cvac(3) =
∂
∂u
{ r
8π
mµmν
1
✷
∇α∇βK
[µα][νβ](x) +O[R3..]
}∣∣∣∣
I+
. (5.30)
Expression (4.45) for Kµανβ can now be simplified by using that (i) all terms
containing the metric with the indices of Kµανβ can be discarded since any contrac-
tion among mµmν∇α∇β in (5.30) results in a vanishing contribution, and (ii) any
derivative ∇ with the indices of Kµανβ can be treated as in integration by parts
because the respective total derivative contracts with either m or ∇, and its con-
tribution vanishes. As a result, Kµανβ in (5.30) can be replaced by the following
expression :
K˜µανβ(x) = 12trF 129(✷1,✷2)
[
∇µ∇νRγσ1 · ∇γ∇σR
αβ
2
]
1ˆ + (5.31)
+ 4trF 328(✷1,✷2)
[
∇µRαγ1 · ∇
νR β2γ
]
1ˆ + 8trF 327(✷1,✷2)
[
∇(µR
ν)γ
1 · ∇γR
αβ
2
]
1ˆ +
+ 4trF 125(✷1,✷2)
[
Rµβ1 ·R
να
2
]
1ˆ + tr
{
6(✷2 − ✷1)F
1
29(✷1,✷2) + 8F
1
27(✷1,✷2)−
− 4F 327(✷1,✷2)
}[
∇µ∇νRαβ1 · R2
]
1ˆ + 8trF 126(✷1,✷2)
[
∇µ∇νRαβ1 · Pˆ2
]
+
+
1
2
trF 121(✷1,✷2)
[
Rˆµα1 · Rˆ
νβ
2
]
.
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6 The vacuum news functions in the lowest
nonvanishing approximation
To complete the calculation of the vacuum news functions in the lowest nonva-
nishing approximation we must consider the contribution of the action S(2) :
∂
∂u
Cvac(2) = −
∂
∂u
{
4πrmβmγ
1
✷
[
T βγvac(2) + 2
(
∇β
1
✷
Rclµν
)(
∇γ
1
✷
T µνvac(2)
)
−
−
(
∇β
1
✷
Rcl
)(
∇γ
1
✷
Tvac(2)
)
− 4
(
∇σ
1
✷
Rβµcl
)(
∇µ
1
✷
T γσvac(2)
)
+
+ 2
(
∇γ
1
✷
Rβµcl
)(
∇µ
1
✷
Tvac(2)
)]
+O(h¯2) +O[R3..]
}∣∣∣∣
I+
. (6.1)
HereRµνcl is the notation in (5.11), and in the nonlinear terms of eq. (5.10) we omitted
the contributions Tvac × Tvac = O(h¯
2) of second order in the Planck constant. As
shown above, expression (6.1) is of second order in the curvature; the contribution
of first order in this expression vanishes.
The expression (5.20) for T µνvac(2) completed with terms O[R
2
..] is of the form
T µνvac(2) =
1
2(4π)2
(
∇µ∇αI
αν
2 +∇
ν∇αI
αµ
2 − g
µν∇β∇αI
αβ
2 −✷I
µν
2 + (6.2)
+ 2R µνα. . βI
αβ
2 +
1
2
gµνRαβI
αβ
2
)
+Πµν
where
Πµν =
2
g1/2
δγS(2)
δgµν
∣∣∣∣
✷→✷ret
(6.3)
with
δγS(2) =
1
2(4π)2
∫
dxg1/2
(
Rµν δγ1(−✷)R
ν
µ +R δγ2(−✷)R
)
(6.4)
is the contribution of the variations of the lowest-order form factors (see eqs. (3.19),
(3.24)). When inserting expression (6.2) in the linear term of (6.1), all terms in (6.2)
33
proportional to gµν or to the ✷ operator can be omitted, and for the contribution
of the first two terms in (6.2) one can use eq. (5.19).
In the nonlinear terms of (6.1), the expression (6.2) is needed only up to O[R2..].
By using (3.16), we obtain
T µνvac(2) =
1
(4π)2
[
∇µ∇ν
(
γ1(−✷) + 2γ2(−✷)
)
R−✷γ1(−✷)R
µν −
−
1
2
gµν✷
(
γ1(−✷) + 4γ2(−✷)
)
R
]
+O[R2..] . (6.5)
This makes it possible to calculate also the Riemann tensor with accuracy O[R2..] :
Rαβµν = Rαβµνcl −
2
π
γ1(−✷)∇
[µ∇<αRν]β> +
1
4π
(
γ1(−✷) + 2γ2(−✷)
)
×
×
(
gνβ∇µ∇α − gνα∇µ∇β − gµβ∇ν∇α + gµα∇ν∇β
)
R +O[R2..] . (6.6)
Here we used eq. (2.4a) which defines also
Rαβµνcl =
1
✷
(
2∇µ∇<αRνβ>cl − 2∇
ν∇<αRµβ>cl +O[R
2
..]
)
. (6.7)
Finally, by combining the results above, the following expression is obtained for
the contribution ∂Cvac(2)/∂u to the news functions:
∂
∂u
Cvac(2) = −
∂
∂u
{
r
4π
mµmν
1
✷
(
γ1(−✷2)
[
4∇α
1
✷
Rµβ1 cl · ∇βR
να
2 cl + (6.8)
+ 4∇α∇µ
1
✷
Rβν1 cl · R
cl
2αβ − 2∇
α∇β
1
✷
Rµν1 cl ·R
cl
2αβ +R
µν
1 cl · R2 cl
]
+
+
(
γ1(−✷2) + 2γ2(−✷2)
)[
∇µ
1
✷
R1 cl · ∇
νR2 cl − 2∇
ν 1
✷
Rµα1 cl · ∇αR2 cl +
+
1
2
1
✷
Rµν1 cl · ✷R2 cl −
1
2
Rµν1 cl · R2 cl
]
+ (4π)2Πµν
)
+O(h¯2) +O[R3..]
}∣∣∣∣∣
I+
.
This contribution involves the lowest-order vacuum form factors in the whole range
of their dependence on the ✷ argument.
The total result is
∂
∂u
C =
∂
∂u
Csource +
∂
∂u
Cvac(2) +
∂
∂u
Cvac(3) +O(h¯
2) +O[R3..] (6.9)
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with ∂Cvac(2)/∂u in (6.8) and ∂Cvac(3)/∂u in (5.30). Note that the news functions
appear squared in the mass-loss formula (3.1), and the vacuum contribution to
∂C/∂u begins with second order in the curvature, eq. (5.24). Therefore, in the
absence of a classical radiation, the energy of the vacuum gravitational waves is of
order O[h¯2R4..] which makes this effect difficult to be noticed in perturbation theory.
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Appendix A. The asymptotically flat metric at null
infinity
The general asymptotically flat metric in a chart covering I+ is built by con-
sidering a congruence of null hypersurfaces u = const. generated by the light rays
reaching I+. The generators are labeled by two parameters θ, ϕ taking values on
a 2 - sphere S, and the luminosity distance r is used as a parameter along the
generators. The metric is then of the form [21]
ds2 = −V du2 + 2Ψdudr + r2fab(dx
a − Uadu)(dxb − U bdu) (A.1)
where
a, b = 1, 2; x1 = θ, x2 = ϕ ,
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fabdx
adxb =
1
2
(e2γ + e2δ)dθ2 + (eγ−δ − eδ−γ) sin θdθdϕ+ (A.2)
+
1
2
(e−2γ + e−2δ) sin2 θdϕ2
and
1
Ψ
= (∇u,∇r) < 0 , (A.3)
Ψ
∣∣∣∣
I+
= −1 . (A.4)
In this metric, (∇u)2 = 0 is to ensure that the hypersurfaces u = const. are null,
(∇xa,∇u) = 0 is to ensure that the lines u = const.,xa = const. are null geodesics,
detfab = sin
2 θ is to ensure that r is the luminosity parameter along these geodesics,
condition (A.3) is to ensure that this parameter is monotonic, and condition (A.4)
is to choose the retarded time u coincident with the proper time of an observer at
large and constant r.
At the limit of I+(r →∞, u = const., θ =const., ϕ =const. ) the metric behaves
as follows [21]:
V = 1−
2M
r
+O
(
1
r2
)
, (A.5)
γ + δ
2
=
C1
r
+O
(
1
r2
)
, (A.6)
γ − δ
2
=
C2
r
+O
(
1
r2
)
, (A.7)
Ua =
2Na
r2
+O
(
1
r3
)
, (A.8)
Ψ = −1 −
2B
r2
+O
(
1
r3
)
(A.9)
where M, C1, C2, N
a, B are functions of θ, ϕ, u.
The C1, C2 differentiated with respect to u are the Bondi-Sachs news functions
[20, 21]. In the gauge (A.1) they stand for the radiation degrees of freedom of the
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gravitational field. The Bondi mass M(u) is obtained by averaging the coefficient
M in (A.5) over the unit 2-sphere :
M(u) =
1
4π
∫
d2SM =
1
4π
2π∫
0
dϕ
π∫
0
dθ sin θM(θ, ϕ, u) . (A.10)
Its limiting value at u→ −∞ is the ADM mass, and the difference
M(−∞)−M(u) =
u∫
−∞
du
(
−
dM
du
)
(A.11)
is the energy radiated away through I+ by the instant u of retarded time ( see [22]
and references therein).
Some components of the Riemann and Ricci tensors calculated in the metric
(A.1) - (A.9) at I+ are as follows 13:
Ruθuθ
∣∣∣∣
I+
= − r
∂2
∂u2
C1 +O(1) , (A.12)
Ruθuϕ
∣∣∣∣
I+
= − r sin θ
∂2
∂u2
C2 +O(1) , (A.13)
Ruϕuϕ
∣∣∣∣
I+
= r sin2 θ
∂2
∂u2
C1 +O(1) , (A.14)
Rrr
∣∣∣∣
I+
= −
2
r4
(
C21 + C
2
2 + 4B
)
+O
(
1
r5
)
, (A.15)
Rrθ
∣∣∣∣
I+
= −
1
r2
[
2N θ +
1
sin2 θ
∂
∂θ
(
C1 sin
2 θ
)
+
∂
∂ϕ
( C2
sin θ
)]
+O
( 1
r3
)
, (A.16)
Rrϕ
∣∣∣∣
I+
= −
1
r2
[
2Nϕ sin2 θ +
1
sin θ
∂
∂θ
(
C2 sin
2 θ
)
−
∂
∂ϕ
C1
]
+O
( 1
r3
)
, (A.17)
Rur
∣∣∣∣
I+
=
1
r3
∂
∂u
(
C21 + C
2
2 + 4B
)
+O
( 1
r4
)
, (A.18)
13By our calculations, the equation Rrr = (2/r)(Ψ
−1∂rΨ − (∂rγ)
2) ( in the present notation)
given in [21] for the axisymmetric case is in error. We obtain Rrr = (2/r)Ψ
−1∂rΨ − 2(∂rγ)
2. It
follows from the former equation that, for Rµν of a compact spatial support, Ψ = −1 + O(1/r
3).
With our result, Ψ = −1+O(1/r2). The significance of the behaviour of Ψ is seen from eqs. (A.15),
(A.18).
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Ruθ
∣∣∣∣
I+
=
1
r
∂
∂u
[
2N θ +
1
sin2 θ
∂
∂θ
(
C1 sin
2 θ
)
+
∂
∂ϕ
( C2
sin θ
)]
+O
( 1
r2
)
, (A.19)
Ruϕ
∣∣∣∣
I+
=
1
r
∂
∂u
[
2Nϕ sin2 θ +
1
sin θ
∂
∂θ
(
C2 sin
2 θ
)
−
∂
∂ϕ
C1
]
+O
( 1
r2
)
,(A.20)
Ruu
∣∣∣∣
I+
= −
2
r2
[ ∂
∂u
M+
( ∂
∂u
C1
)2
+
( ∂
∂u
C2
)2
+
1
sin θ
∂a
(
sin θ
∂
∂u
Na
)]
+
+O
( 1
r3
)
. (A.21)
When referring to tensors at I+ we always mean their projections on the null
tetrad∇u,∇v,m,m∗ introduced in (3.2), (3.3) and (5.3) where v andmα are asymp-
totically of the form
v
∣∣∣
I+
= 2r + u+O
(
1
r
)
, (A.22)
mα
∣∣∣
I+
= r(∇αθ + i sin θ∇αϕ) +O(1) . (A.23)
The null-tetrad components of physical quantities are regular at I+ i.e. are either
finite or decreasing like inverse powers of r. This is true specifically of tensors ob-
tained by the action of the retarded form factors (see below). The null-tetrad vectors
may be regarded as covariantly constant at I+ since the null-tetrad components of
their derivatives are O(1/r). Thus, up to curvature terms,
∇µ∇αv
∣∣∣∣
I+
=
1
2r
(mµm
∗
α +m
∗
µmα) +O[R..] , (A.24)
and the curvature terms are O(1/r). Eqs. (5.7), (5.8) are obtained by calculating
the derivatives projected on the null tetrad in terms of the Bondi-Sachs coordinates.
Specifically, eq. (5.7) owes to the fact that mα
∣∣∣
I+
= O(1/r) as seen from (A.23) and
(A.1).
It follows from the asymptotic expressions above that the null-tetrad components
of the curvature tensor decrease at I+ like 1/r or faster. Specifically,
∇αv∇µv mβmνR
αβµν
∣∣∣∣
I+
= −
8
r
( ∂2
∂u2
C1 + i
∂2
∂u2
C2
)
+O
(
1
r2
)
(A.25)
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which is eq. (5.1). The energy flux component of the Ricci tensor at I+
Rµν∇
µv∇νv
∣∣∣∣
I+
= 4Ruu
∣∣∣∣
I+
(A.26)
is given in eq. (A.21). By averaging (A.21) over the unit 2-sphere one obtains the
relation
−
dM(u)
du
=
1
4π
∫
d2S
[( ∂
∂u
C1
)2
+
( ∂
∂u
C2
)2]
+
1
8π
∫
d2S
1
4
r2Rµν∇µv∇νv
∣∣∣∣
I+
(A.27)
which, after using the dynamical equations
Rµν −
1
2
gµνR = 8πT µνtotal , (A.28)
becomes the conservation law (3.1). Here T µνtotal is the total energy-momentum tensor
which in eq. (2.18) is
T µνtotal = T
µν
source + T
µν
vac . (A.29)
Appendix B. The retarded Green function in the
past of I+
To lowest order in the curvature, the retarded operator 1/✷ acting on an arbi-
trary tensor source Xα1...αk is of the following form:
−
1
✷
Xα1...αk(x) = (B.1)
= 1
4π
∫
past of x
dx¯g¯1/2δ(σ(x, x¯))gα1α¯1(x, x¯) . . . g
αk
α¯k(x, x¯)X
α¯1...α¯k(x¯) +O[X ×ℜ]
where σ(x, x¯) is the world function [23], or geodetic interval biscalar [24], gαα¯(x, x¯)
is the geodetic parallel displacement bivector [24], and the integration point x¯ is in
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the past of the observation point x. Here and below, the bar over a symbol means
that this symbol refers to the point x¯.
It follows from a comparison of the equations defining gαα¯(x, x¯) with the ones
defining σ(x, x¯) that, up to the curvature terms, the parallel displacement bivector
can be calculated as follows:
gαα¯(x, x¯) = −∇
α∇¯α¯σ(x, x¯) +O[R..] (B.2)
whence it also follows that
∇µg
α
α¯(x, x¯) = O[R..] . (B.3)
If ℓµi with i = 1 to 4 are the vectors of the null tetrad, then the null-tetrad compo-
nents of the tensor (B.1) are obtained by calculating the contractions
ℓµi (x)gµµ¯(x, x¯) . (B.4)
By using eq. (B.2) and a perturbative expression for the world function, it is easy to
see that, when x tends to I+, and x¯ is in a compact domain, the contractions (B.4)
remain finite. Hence the null-tetrad components of the tensor (B.1) decrease at I+
like O(1/r) - the fact assumed in the main text. The expression for the massive
retarded Green function is similar to (B.1) [6]. Therefore, generally, the null-tetrad
components of tensors obtained by the action of the retarded form factors are regular
at I+.
As seen from (B.1), we are always dealing with some scalar source
Y(x¯) = gα1α¯1(x, x¯) . . . g
αk
α¯k
(x, x¯)X α¯1...α¯k(x¯) (B.5)
which may depend parametrically on the observation point but it suffices to consider
the action of the Green function on a scalar :
−
1
✷
Xα1...αk(x) =
1
4π
∫
past of x
dx¯g¯1/2δ(σ(x, x¯))Y(x¯) +O[X × ℜ]. (B.6)
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The integration over the light cone in (B.6) includes subintegrations along the light
rays coming from I− to the observation point x :
∞∫
0
dµ(ρ)Y
∣∣∣
L
. (B.7)
Here L is a generator of the past light cone of x, ρ is the luminosity parameter along
L, and the measure in (B.7) is asymptotically of the form
dµ(ρ)
∣∣∣
ρ→∞
= dρ · ρ . (B.8)
We shall, therefore, assume that the source decreases at I− like
Xα1...αk
∣∣∣
I−
= O
(
1
r3
)
. (B.9)
Another important assumption [6] is analyticity of the source in time including
the past timelike infinity (i−). The real sources appearing in the expectation-value
equations are built out of the curvature, and the condition of analyticity implies
in particular that, at i−, the metric becomes asymptotically static. This should be
provided by imposing the respective requirement on T µνsource. By analyticity, the limit
r →∞ of the source at i− coincides with its limit in the past of I− :
(
Xα1...αk
∣∣∣
i−
)∣∣∣∣
r→∞
=
(
Xα1...αk
∣∣∣
I−
)∣∣∣∣
v→−∞
(B.10)
where v is the advanced time along I−. Hence, by (B.9),
(
Xα1...αk
∣∣∣
i−
)∣∣∣∣
r→∞
= O
(
1
r3
)
. (B.11)
For the calculation of the integral (B.6) at x→ I+ we may use the Bondi-Sachs
frame (A.1). For the past of I+ this is safe even if the metric has closed apparent
horizons [2,3] since no one of these will be encountered by the light rays emitted
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sufficiently early. To lowest order in the curvature, the world function is then of the
form
σ(x, x¯) = −(u− u¯)(r − r¯ +
u− u¯
2
) + rr¯(1− cosω) +O[R..] (B.12)
where 1
2
ω2 is the world function on the 2-sphere :
cosω = cos θ cos θ¯ + sin θ sin θ¯ cos(ϕ− ϕ¯) . (B.13)
By solving the equation σ(x, x¯) = 0 with respect to u¯ and choosing the solution
which corresponds to the past light cone of x, u¯ = f, we obtain
−
1
✷
Xα1...αk(r, θ, ϕ, u) =
1
4π
∫
d2S¯
∞∫
0
dr¯r¯2
∣∣∣(∇¯u¯, ∇¯r¯) · ∂σ
∂u¯
∣∣∣−1Y(r¯, θ¯, ϕ¯, u¯)
∣∣∣∣
u¯=f
+
+ O[X ×ℜ] (B.14)
and
−
1
✷
Xα1...αk(r, θ, ϕ, u)
∣∣∣∣
I+
=
1
r
Q(θ, ϕ, u) +O
(
1
r2
)
(B.15)
where
Q(θ, ϕ, u) = −
1
4π
∫
d2S¯
∞∫
0
dr¯(log r¯)
∂
∂r¯
[
r¯3Y(r¯, θ¯, ϕ¯, u¯)
∣∣∣
u¯=f∗
]
+ O[X×ℜ] , (B.16)
f ∗ = u− r¯(1− cosω) +O[R..] , (B.17)
and the equation u¯ = f ∗ is the equation of the limiting light cone of the point x
at I+. Here we wrote r¯2 = r¯3∂ log r¯/∂r¯ and integrated by parts for being able to
consider sources decreasing at I− like 1/r3. At the limit u → −∞, the source in
(B.16) turns out to be at u¯→ −∞. By the assumption of analyticity, we then have
Q(θ, ϕ, u)
∣∣∣
u→−∞
= Q0 +
1
u
Q1 + · · · (B.18)
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with
Q0 = −
1
4π
∫
d2S¯
∞∫
0
dr¯(log r¯)
∂
∂r¯
[
r¯3Y(r¯, θ¯, ϕ¯,−∞)
]
+O[X ×ℜ] , (B.19)
etc., and the convergence of the integral in (B.19) is now owing to (B.11).
Eqs. (B.15)-(B.19) make manifest the fact which is more general than the ap-
proximations made. Namely, the integral (B.1) in the past of I+ involves only the
source Xα1...αk at i−. Under the assumption of analyticity at i−, this integral be-
comes a static Coulomb potential. One can show that it preserves this form also at
two other limits : at the past null infinity and spatial infinity (i0),
−
1
✷
Xα1...αk
∣∣∣∣
I−or i0 orI+,u→−∞
=
Q0
r
(1 +O) , O → 0 . (B.20)
Consider now equation (5.9) for the news functions which is valid under the
assumption made in sec. 2 that the flux components of the Ricci tensor at I−
vanish. Since, in this case, Rµν at I− is O(1/r3), the integral implied in (1/✷)Rµν
converges. Moreover, the derivatives of this integral in the null-tetrad basis behave
at I− like (
∇γ
1
✷
Rµν
)∣∣∣∣
I−
= O
(
1
r2
)
(B.21)
(see below). Therefore, the nonlinear additions to Rνβ in eq. (5.10) are O(1/r4) at
I−. We then have 14
mβmν
1
✷
[
Rνβ + (∇ν
1
✷
Rγδ)(∇β
1
✷
Rγδ)− 2(∇γ
1
✷
Rνδ)(∇δ
1
✷
Rβγ) +O[R3..]
]∣∣∣∣
I+
=
=
1
r
q(θ, ϕ, u) +O
(
1
r2
)
. (B.22)
14 Since, at I+, the flux components of Rµν do not vanish, the integral (1/✷)Rµν behaves at I+
like (log r)/r. The (log r)/r asymptotic terms vanish in expression (2.4b) owing to the presence of
the antisymmetrized derivatives, and in expressions (5.10), (5.13), (B.22) owing to the contraction
with mβmν .
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We need to calculate the limit
lim
u→−∞
∂
∂u
q(θ, ϕ, u) (B.23)
which serves as an initial datum for eq. (5.9). By analyticity of the metric at i−,
q(θ, ϕ, u)
∣∣∣
u→−∞
= q0 +
1
u
q1 + · · · , (B.24)
and the limit (B.23) vanishes owing to the presence of the derivative ∂/∂u.
Eq. (B.20) can also be used to prove that the solution of the Bianchi identities
(2.3) with zero initial data for the gravitational field at I− is expressed indeed in
terms of the retarded Green function. This is easily seen in expression (2.4b). Since,
by (B.20),
−
1
✷
(
Rνβ +O[R2..]
)∣∣∣∣
I−
=
Qνβ0
r
+O
(
1
r2
)
, (B.25)
and Qνβ0 does not depend on the advanced time along I
−, the derivatives in (2.4b)
enhance the power of 1/r. Eq. (B.21) is valid for the same reason.
The proof is more involved in the general case, where the fluxes of Rµν through
I− are nonvanishing, since one has to address eq. (2.4a). In terms of the null tetrad
at I−
∇[µ∇<αRν]β>
∣∣∣∣
I−
=
∇[µv∇<αv
(∇u,∇v)2
(∇γu)(∇σu)∇
γ∇σRν]β> +O
(
1
r3
)
. (B.26)
Since the flux components of Rνβ at I− are proportional either to ∇νv or to ∇βv,
they cancel in (B.26) owing to the antisymmetrizations :
∇[µ∇<αRν]β>
∣∣∣
I−
= O
(
1
r3
)
. (B.27)
Thus the source in (2.4a) satisfies condition (B.9), and we have
Rαβµν
∣∣∣∣
I−
= −
Qαβµν0
r
+O
(
1
r2
)
(B.28)
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with Qαβµν0 constant along I
−. By (B.19) and (B.5),
Qαβµν0 = −
1
4π
∫
d2S¯
∞∫
0
dr¯(log r¯)
∂
∂r¯
(
r¯3Y¯
∣∣∣
i−
)
+O[R2..] , (B.29)
Y¯ = 4g
[µ
µ¯g
ν]
ν¯g
[α
α¯g
β]
β¯
∇¯µ¯∇¯α¯R¯ν¯β¯ , (B.30)
and, up to O[R2..], Y¯ is a total derivative:
Y¯
∣∣∣∣
i−
= g¯−1/2∂¯µ¯
(
g¯1/2Z¯ µ¯
) ∣∣∣∣
i−
+ O[R2..] , (B.31)
Z¯ µ¯ = 4g[µµ¯gν]ν¯g[αα¯gβ]β¯∇¯α¯R¯ν¯β¯ , (B.32)
where use is made of eq. (B.3). Since, in this total derivative, the time derivative
vanishes owing to the asymptotic stationarity of the metric at i−, and the angle
derivatives vanish in the integral
∫
d2S¯, we obtain
Qαβµν0 = −
1
4π
∫
d2S¯
∞∫
0
dr¯(log r¯)
∂
∂r¯
[
r¯
∂
∂r¯
(
r¯2∇¯µ¯r¯ Z¯
µ¯
∣∣∣∣
i−
)]
+O[R2..] . (B.33)
Since the power of decrease of Z¯ µ¯
∣∣∣
i−
at r¯ →∞ is at least O(1/r¯2), we may integrate
by parts in (B.33) to remove the integration over r¯ completely :
Qαβµν0 = limr¯→∞
1
4π
∫
d2S¯
(
4g[µµ¯gν]ν¯g[αα¯gβ]β¯∇¯µ¯r¯
)(
r¯2∇¯α¯R¯ν¯β¯
∣∣∣∣
i−
)
+O[R2..] . (B.34)
Only the terms in R¯ν¯β¯ that decrease like 1/r¯
2 can survive in (B.34). However, the
integrand in (B.34) contains one more derivative of R¯ν¯β¯, and, again, the respective
time derivative vanishes at i−. Therefore, this integrand is O(1/r¯) (actually O(1/r¯2),
see below), and the limit (B.34) vanishes. The presence of an extra derivative is in
fact not essential. By (B.10), the sequence of limits in (B.34) can be replaced by the
limit of the same quantity in the past of I−. It is then seen that the constant (B.34)
hangs solely on the flux components of the Ricci tensor in the past of I−. However,
the metric in the past becomes asymptotically static, and for a static metric the
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fluxes of Rνβ through I
− are absent as seen from the counterparts at I− of eqs.
(A.18) - (A.21). We have, therefore,
(Rνβ
∣∣∣
i−
)
∣∣∣∣
r→∞
= (Rνβ
∣∣∣
I−
)
∣∣∣∣
v→−∞
= O
(
1
r3
)
, (B.35)
and
Qαβµν0 = 0 . (B.36)
Hence
Rαβµν
∣∣∣
I−
= O
(
1
r2
)
(B.37)
which proves that, in the retarded solution, there are no incoming gravitational
waves.
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